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THEORETICAL DAMPING IN ROLL AND ROLLING MOMENT DUE TO DIFFERENTIAL WING 
INCIDENCE FOR SLENDER CRUCIFORM WINGS AND WING-BODY COMBINATIONS1 

By GAYNOR J. ADAMS and DUANE W. DUQAN 

SUMMARY 

A method of analysis based on slender-wing theory is developed 
to investigate the characteristics in roll of slender cruciform wings 
and wing-body combinations. The method makes use of the 
conj ormal mapping processes of classical hydrodynamics which 
transform the region outside a circle and the region outside 
an arbitrary arrangement of line segments intersecting at the 
origin. The method of analysis may be utilized to solve other 
slender cruciform wing-body problems involving arbitrarily 
assigned boundary conditions. 

the present problem, a theoretical investigation of the 
rolling characteristics of slender cruciform wings was under- 
taken and reported in reference 2. The present report sum- 
marizes these results, and extends the analysis to include 
slender cruciform wing-body combinations. 

In the present report, the application of the method has 
shown: 

1. That the damping in roll and the rolling moment due to 
diJerentia1 incidence of both pairs of opposite surfaces of the 
cruciform wing-body combinations are practically independent 
of the body-diameter-maximum-span ratio up to a value of this 
ratio qf 0.3. 

2. That the damping in roll qf the cruciform wing-body 
arrangement is only 62 percent greater than that for a. corre- 
sponding planar wing-body combination. 

3. That the rolling moment, resulting-from dijerential inci- 
dence of both pairs of the opposing surfaces of the cruciform. 
wing-body arrangement, is only 52 percent greater than that 
-for a corresponding planar wing-body combination. 

4. That the rolling ejectiveness (wing-tip helix angle per 
unit surface de$ection) of the cruciform wing-body arrangement 
having four equally dejlected panels is therefore 94 percent of 
the corresponding planar wing-body combination. 

Several other analyses of rolling-moment characteristics 
of cruciform wing and wing-body combinations have been 
made, each of which partially solves the problem. Ribner 
(reference 3) has treated the rolling cruciform wing with 
subsonic leading edges; Bleviss (reference 4) made an analysis 
for the case of the cruciform wing having supersonic leading 
edges; Graham (reference 5) has evaluated the rolling 
moments for cruciform wing-body combinations in the 
limiting case of an infinite number of fins; and Tucker and 
Piland (reference 6) have developed a method for obtaining 
approximate linearized solutions for the damping in roll 
of wing-body combinations in which the wings have super- 
sonic leading edges, and have calculated the approximate 
coefficient of damping in roll for configurations having 
rectangular and triangular wings. 

INTRODUCTION 

Little information is currently available which will permit 
an evaluation of the stability and control problems associated 
with the use of cruciform wing and wing-body combinations. 
In some instances (e. g., the important case of lift), the char- 
acteristics of these wings and wing-body combinations may 
be calculated from known solutions for planar systems, but 
in other cases the effect of interference between components 
may be so large as to invalidate the results of such proce- 
dures. Additional theoretical treatment is therefore re- 
quired to establish the magnitude of these interference effects. 

The present analysis considers the case of a slender 
cruciform wing-body combination consisting of an equal-span 
cruciform wing mounted on an infinite circular cylinder 
(fig. 1). The problem will be treated by the well-known 
methods of slender-wing theory, as introduced by Jones 
(reference 7) and extended bg Ribner and others to determine 
the aerodynamic characteristics of slender wing and wing- 
body combinations. In the present report, the method is 
applied to the determination of the damping in roll and the 
rolling, moment due to differential incidence of one pair 
of opposite wing panels of a slender cruciform wing-body 
combination. 

The use of slender-wing theory reduces the problem to 
that of finding the velocity potential defining the two- 
dimensional flow of an ideal fluid about a finned cylinder; 
solutions satisfying the prescribed boundary conditions may 
therefore be obtained by the methods of classical hydro- 
dynamics, in particular, the method of conformal trans- 
formation. Since the normal velocity is specified on the 
boundary, the problem is a Neumann problem in classical 
potential theory; however, it is convenient to determine 
the potential by means of a source-sink distribution on the 
circle in the transformed plane. 

An analysis of slender, lifting, planar wing-body and 
cruciform wing-body combinations was presented by Spreiter 
in reference 1. Since these results were not applicable to 

1 Extends the analysis of NACA TN 2270, “Theoretical Damping in Roll and Rolling Effectiveness of Slender Cruciform Wings,” by Gaynor J. Adams, 1951. 



REPORT 1088-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

SYMBOLS 

body radius 
local span of wing (2s) 
maximum span of wing (2s,) 
chord of wing at plane of symmetry 

rolling-moment coefficient 

coefficient of damping in roll &3%d _ bC1 coefficient of rolling-moment effectiveness __ ( > & \ 
z: z Jacobian elliptic functions, argument u and modulus k 

P(t,k) elliptic integral of the second kind, argument t and 
modulus k 

E(k) complete elliptic integral of the second kind, modulus k 
F(t,k) elliptic integral of the first kind, argument t and 

H(u) 

ii 
K(k) 
L 
L’ 

ti 
P 

P 

AP 

4 

R 

S 

SO 
S 

V 

V 
W 

WO 
X,Y,Z 

2 

modulus k 
Jacobi’s eta function, argument u and modulus k cp 
3r-1 J/ 
modulus of an elliptic integral or function 
complete elliptic integral of the first Bind, modulus lc 
lift 
rolling moment 
strength of a point source or sink 
free-stream Mach number 
rate of roll, radians per second (constant) 

loading coefficient 

difference between pressures on lower and upper sur- 

+ 
H 
L.E. 
1 
T.E. 

U 

1’ 

faces Y 

free-stream dynamic pressure 

radius of circle in g plane 

wing-body surface in X 

local semispan 
maximum semispan 
area of horizontal surface of cruciform wing including 

its hypothetic,al extension through the body 
velocity component in the y direction 
free-stream velocity 
velocity component in the vertical direction 
constant vsluc of w 
right-hand orthogonal coordinate systrm 
value of y corresponding to value of OO 
complex coorclinate (y+iz) 

LSr~vcral methods, based on the lincarizcd theory of super- 
sonic flow, hare been developed for determining the aero- 
dynamic characteristics of planar-wing systems of finite span. 
Howcvcr, the application of these methods to the calculation 
of the charact&istics of a cruciform wing-body combination 
(fig. 1) leads t,o considerable mathematical clifficulties, since 
the effeck of interference between components cannot be 
neglected and it is, in general, not practicable to construct 
solutions from the solutions for planar systems. (An escep- 
tion is the determination of lift.) It is thercforc desirable to 
introduce siniplifving assumptions which permit calculation 
of the characteristics of cruciform wing-body configuratiom 
within reasonable limits of accuracy. 

The linearized partial-differential equation for the pertur- 
bation velocity potential p in subsonic and supersonic flow is 

Z(A,k) Jacobi’s zeta function, argument A and moclulus k 
Y polar coorclinate of the point in the u plane corresponcl- 

ing to the horizontal wing and body junction in the 

X plane 
( 

%-tan-‘h2 
> 

6 angle of incidence of wing panel, radians (6<1) 
Acp (ol--cpu 
e semivertex angle of a plane triangular wing 
rl,r coordinates in the complex E plane 

8 

eo 

A 

x 

t P u T,V f 
.fl 

polar coordinate in the cr plane 
angle between a source or sink radius vector and a 

coordinate axis (CT plane) 
Heuman’s form for the incomplete elliptic integral of 

the third kind 
Heuman’s form for the complete elliptic integral of 

the third kind 
body diameter 

span 
polar coordinate of point in u plane corresponding to 

the vertical wing and body junction in the X plane 
* 

( > 
-- 
2 y 

complex coorclinatc (q+i<) 
mass density of air 
complex coorclinatc (7 +;v) 
coordinates in complex u plant 
complex potential (cp+i$) 
complex potential due to a combination of point 

sources and sinks 
velocity potential 
stream function 

SUBSCRIPTS 

value for a plant wing 
value for a cruciform wing 
horizontal wing 
value at leading edge 
value on lower surface 
value at trailing cclge 
value on upper surface 
vertical wing 
value at, the point where O=r 

ANALYSIS 

GENERAL 

(l-An47 &+(PW+(Pzz=O 0) 

where the free stream is directed parallel to the positive z 
axis, and 34 is the free-stream Mach number. If the longi- 
tudinal velocity gradicnt qZZ is sufficiently small and the 
Mach number is not excessively high, then the first term in 
equation (1) is small compared to the velocity gradients in 
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the v and z directions and may be neglected. Equation (1) 
then reduces to 

(P”v+(PiZ=o (2) 

which is the familiar two-tlimrnsioi~al form of Laplace’s cqua- 
lion. For slcntlcr wings ant1 botlirs the velocity gradient qrz 
is small, so that a satisfactory approsimntion to tlic ncrotly- 
namic chsractcristics of slrntler wings ant1 wing-botl~~ con- 
figurations may be obtainctl by means of equation (2). The 
results will bc indepcndcnt of 1lach number and will be 
valid forboth subsonic and supc~rsonic Jlach numbers, as was 
pointed out in reference 7. 

It was pointed out in rcfcrencc 1, ancl discussed in greatcl 
detail in reference 8, that equation (1) is still valid if 116 is rc- 
placed by unity, in which case equation (1) again reduces to 
the two-dimensional form of Laplace’s equation. 

In the present application of the theory, no point on the 
trailing edge may lie ahead of the most forward point of 
maximum span. If the latter condition is not satisficcl, lift 
is indicated off the surface of the wing, which violates the 
boundary conditions. For a more detailed discussion of 
slender-wing and wing-bocly theory, the rcacler is referred 
to references 1, 7, 8, and 9. 

The present problem is solved by fincling a solution 
of equation (2) which satisfies the following boundary 
conditions: 

1. The perturbation velocity components ?Y and 2 vanish 
bY 

at infinit.y. 
2. At all points in the 1~=0 or z=O planes (but not on the 

wing surfaces, or inside the body) A(p=O. 

3. At all points on the 7~=0 and z=O planes A %=O and 
bY 

A $=O, respectively. 

4. At all points in the y=O and z=O planes, within the 

wing plan-form boundaries, (~)u=o ani (g)zG; rev= 

tively, are specified. 

5. At all points on the body surface, is specified. 

If the region outside a finned cylinder is mapped conform- 
ally on the region outside a circle, with points on the cir- 
cumference of the circle corresponding to points on the 
surfaces of the finned cylinder, a potential function 
satisfying the boundary conditions stated above may be 
found by integrating a suitable combination of infinitesimal 
sources and sinks over the circumference of the circle. 

If the two-dimensional velocity potential for the flow in 
transverse planes is given, the local loading coefficient may 
be written 

For this particular problem, the last two terms on the right 
vanish (cf. boundary conditions above) and the loading 
coefficient becomes 

(3) 

which expresses Bernoulli’s equation with the approximation 
of small disturbances in the case of slender wings and bodies. 
It follows from equation (3) that the lift of one fin is 

L=pVrd!/SL?;‘A(z) dz 

I =pv (A~T.~.-A(PL&.) dy 
(4) 

Similarly, the rolling moment contributed by one fin is 

L’=-pv 
f So @PT.E. -AWE.) y&/ (5) . a 

In the following section a conformal transformation is 
derived which maps the region outside a circle on the region 
outside a cylinder having four fins. It is then shown that, 
by means of a distribution of infinitesimal sources and sinks 
on the circumference of the circle, a ve1ocit.y potential may 
be found having a normal derivative which satisfies arbi- 
trarily assigned values on the surfaces of the fins. 

In succeeding sections the velocity potentials are deter- 
mined for the cases of a slender, rolling, cruciform wing-body 
combination and of a slender cruciform wing-body combina- 
tion for which one pair of fins is differentially deflected through 
a small angle of incidence. The case where the body radius 
equals zero (i. e., cruciform wings) is also treated in detail. 



4 REPORT 1088-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

CONFORMAL TRANSFORMATION FOR THE CROSS SECTION OF A 
CRUCIFORM WING-BODY COMBINATION 

The transformation of the cruciform wing-body cross 
section (see fig. 2) may be readily accomplished in two 
steps. The Joukowsky transformation 

2{=x+$ (6) 

transforms the cruciform wing-body cross section into a 
cross (fig. 2 (b)) with unequal horizontal and vertical arms; 
corresponding points are shown in figure 2. 

Darwin (reference 10) has given a function which trans- 
forms the region outside a circle into the region outside an 
arbitrary arrangement of line segments intersecting at the 
origin. By applying Darwin’s formula to the cross of 
figure 2 (b), it is found that the required transformation is 

2~2=s2+$-2R2 cos 2/~ (7) 

where R is the radius of the circle in the u plane, a is the 
radius of the cylindrical body, and p is the polar coordinate 
of the point in the c plane corresponding to the vertical 
wing and body junction in the X plane. It can be shown 
that the vertical and horizon.tal spans of the cruciform 
wing-body combination may be taken unequal with no 
change in the form of equation (7) ; in this case the radius 
of the circle is given by the expression 

where sh is the semispan of the horizontal wing and s, is the 
semispan of the vertical wing. The angles p and y are then 
given by the relations 

2R” cos 2,=(~~~+$)-(s~~+$)-a~ 

and 

cos 2y--0s 24 

If s,,=s~=s, equation (7) may be written 

and from equation (6) and the latter equation it follows 
that the transformation from t.he physical plane to the 
circle is given by 

x2+&2 (.2+3 (8) 

For simplicity, the horizontal and vertical spans have been 
assumed equal in the present report. 

A generalization of equation (8) is 

an X”‘2+pJ= 2 ( unj2+$J 

where 

For a cruciform wing (a=O) the equation 

(9) 

transforms the equal-span cruciform wing having semispan 
.q into a circle of radius s in the u plane. A generalization of 
equation (9) is 

where n is a positive integer. Equation (10) maps con- 
formally the region outside a circle u=.s@ in the u plane on 
the region outside a symmetric figure in the X plane, con- 
sisting of n line segments of length s having a common point 
at the origin. This transformation together with the method 
of this report, may be used to st,udy the rolling-moment 
characteristics of a slender sjrmmetric wing consisting of n 
plane fins having a common root chord. 

iz it ;.. 

G \B A- 3’ F’, E 1 C’ ,B’ A’- -\-&v G”[ 
L v H” I’ K’ c L’ ?I 

(a) 1 zc =.zT’x- 
(b) ’ 

zc- 5 =-+-+(I- 
CT* I (cl 

(a) x plane. (b) E plane. 
FIGVRL 2.-Conformal transformation for the cruciform wind-body combination. 
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DERIVATION OF THE VELOCITY POTENTIAL 

The complex velocity in the physical plane is 

df df & & v-~w=-~--.-~(vE-~wE) dX dX dc$ dX (11) 

Through the use of equation (11) the boundary conditions 
given in the X plane can be transformed into the correspond- 
ing boundary_conditions in the c plane. The problem is then 
to find a potential function satisfying these transformed 
boundary conditions in the transformed plane. 

If a source and a sink of strengt,h m are locat,ed on the 
circumference of a circle as shown in figure 3, then the circle 
is a streamline of the resulting flow. If the flow is trans- 
formed into the .$ plane by means of equation (7), the source 
and sink will be transformed into a “doublet” located in the 
positive part of the line segment. (See fig. 3 (a).) As 
shown in this figure, the doublet is characterized by a flow 
normal to the segment at the point &,. At all other points 
on t.he segments the normal velocity is zero and the segment 
surfaces arc streamlines. In the CT plane the complex poten- 
tial for the source-sink combination is 

In the corresponding flow in the t plane there is an inflow of 
m/2 units per second n.bove t.hc real axis and an outflow of 
m/2 units per second below the real axis. The flow from an 
infinitesimal source of strength dm (located on the arc ele- 
ment Rd& in the c plane) is, of course, dm units per second. 
In the 5 plane the flow across the corresponding clement 

(a) E plane. 

d&, is IwEd&, units per second, where WE is the vertical velocity 
component at the point 6. By the principle of continuity of 
flow, it is seen that 

widc$,=T (13) 

where we may be any function of &,, and d.$, is obtained from 
equation (7). The complex potential corresponding to any 
assigned distribution of WE may then be found by replacing 

.G% -by dm in equation (12) and integrating over the proper 
range of values of &. This procedure will be followed in the 
succeeding sections. 

It is evident from the preceding discussion that the present 
method of analysis may also be applied to nonsteady flow 
problems by making the doublet, strength a function of time. 

APPLICATIONS 
ROLLING MOMENT DUE TO ROLLING 

Equal-span cruciform wing-body combination.-The case 
of a slender equal-span cruciform wing-body combination 
rolling about its longitudinal axis with constant angular 
velocity p will now be considered. The complex potential 
for the source-sink combination shown in figure 4 is 

Replacing m by dm=2wdy,=-2 dy dye=-2d$, and in- 

tegrating from f&= 0 to &,= y, the coiplex potential is 

(b) 
(b) c plane. 

FIGURE 3.-Doublet flow in E plane cormpondiig to source-sink flow in c plano. 

-- 
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iz iv 
I c 

and Z is Jacobi’s zeta function. The derivative of ‘P, with 
respect to s is 

(a) s plant. (b) CT plnne. 
FICXTE 4.-Rolling cruciform whg-body combinntion. 

Integrating by parts yields 

(14) 

where an imaginary constant has been omittecl. Substituting 
a=Reie into equation (14), and evaluating the real part 
yields for the surface velocity potential 

cp=2 log TV--- -4 sin 4% ti sin a(~-%) 
s 

Y ti(W& 
~ (15) ?r sin 2(r+%) ?r 0 cos 4e-cos 48, 

for all values of % (-K s% 5 n). Equation (15) gives the 
velocity potential for any symmetric distribution of normal 
velocity components on the fins of an equal-span cruciform 
wing-body configuration. The principal value of the 
integral must, of course, be taken if cos 4%=cos 4%, in tbc 
interval of integration. For the present, problem + is equal 
to +pyo2 on t,he real axis (it is assumed that the unst.eacl~~ 
flow condition is approximated by- fins with limar txist) and 
from equation (8) 

&&OS 28,-cos 2yfl’cos 20,fcos 2; (16) 

Substitution of these equations into equation (15) yields 

p=g log sin 2(-y- %) 4Pn” sin 4% ’ cos 2%,d%, --- 
sin 2(y + S) n- . 0 cos4%-cos4%,- I- 

4pRZ sin 4% -- 
7r J 

‘7 1’coscGpG&-2y de, (17) 0 cos 4%-cos 48, 

Evaluat.ion of the integrals in equation (17) yields for the 
surface velocity potential on the horizontal wing surface 

(PHC *2pn2 
[ 

sin 2% cos 20 tanhl ?- ( > - P sin 27 

cos 2y tanli-’ (KY)] * $ [K(k,) sin 40-- 

2k, cos A,.K(k,)Z(A,, k,)] (18) 

where 
kl=sin 2y 

(19) 

From equations (3), (18), and (19) it follows that the loading 
on a spanwise strip for the slender, rolling cruciform wing- 
body combination is given by 

7cl[Ic,+~(k,)]+k,‘2K(k,)Z(A1, k,) 
tan 2% cos A, 3 

(20) 
This load distribution is shown in figure 5. 

6 

4 

2 

0 .2 .4 .6 .a 1.0 
Y/S 

FIGPRE 5.-Load distributions on spanwise strips for rolling cruciform winE-body 
combinations. 

The rolling momcut due to rolling for each fin may be 
found by substituting equation (18) into equation (5) and 
integrating. The results, as obtained by numerical intcgra- 
tion, arc prrscntcd in coefficient form in figure 6, as a func- 
tion of body-diameter-maximum-span ratio. The area used 
in defining the aspect ratio and the moment coefficient is 
the arca of the horizontal surfaces of the cruciform wing, 
including its h!pot.hctical estcnsion through the body. For 
purposes of comparison, figure 6 includes the coefficient of 
damping in roll for a slender planar wing body as given iu 
rtferencc 12. It is evident that for thrsc cases the body has 
little cfIcct on the damping moment up to X=0.4. 

Equal-span cruciform wing.-If a is placed equal to zero 
(X=a/4, I?=s/2) tlicn equation (18) rttliic~s to 

(PH=+~y2sech-1 5 ’ 
0 (21) 

which agrees with the result given in references 2 and 3 for 
the surface velocity potential of a rolling cruciform wing. 
Similarly, equation (20) reduces to 

(22) 
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% 

- -  

A 

.I6 

X(Body diameter/span) 

FIGT’RE G.-Coeflicicnt of damping in rol! for cruciform and plnnnr wing-body combinations. 

If the velocity potential for a slender, rolling planar wing 
(reference 13) is substituted into equation (3), it is found 
that the loading on a spanwise strip is given by 

1 
pb ds 

(->- 

p-=-Z@?+ _ 
I/l -(y/s)2 

2v dx 

(23) 

Figure 7, which presents thcsc load distributions, shows the 
effect of the wing intcrfercncc in reducing the load dis- 
tribution which opposes the rolling motion. 

Substituting rquation (21) into equation (5) yields the 
total rolling moment due to roll for a slcntlcr c*ruciform wing 

=-;pvps,4 

(a) Plnnar wing. 

Horizontal surface 
\ 

(b) Cruciform wing. 
F~nrvw. ‘I.-Load distributions on a spnnmise strip for rolling wings. 

228730-53-Z 

The coefficient of clamping in roll is therefore simply 

A =-A 
27r 

where the coefficient is based on the area of the horizontal 
wing only. 

For a slender planar wing it is known (reference 13) that 
the coefficient of damping in roll is 

?TA zz- 
32 

The ratio of the damping moments for the rolling cruci- 
form wing and the rolling planar wing is therefore 

(L’)+-16=1 62 
m-7 * 

The damping in roll for the slender cruciform wing is 
therefore only 62 percent greater than that for a planar wing 
having the same aspect ratio. 

ROLLING MOMENT DUE TO DIFFERENTIAL WING INCIDENCE 

Equal-span cruciform wing-body combination.-The case 
considered here consists of a slen.cler, equal-span, cruciform 
wing-body combination in which the horizontal fins are 
differentially deflected through a small angle 6. The vertical 
velocity component on the surface of each horizontal fin is 
constant, and is 2uO= f V’6; ou the surfaces of the vertical 
fins the lateral velocity component must be zero, and the 
ratlial velocity compoucnt on the body surface must be zero. 

The complex potential for the source-sink combination 
sl~own in figurc 8 is 

(a) x plane. (b) c plenc. 
FKVRE S.-Cruciform wing-body combinntion with differential incidence of the horizontal 

surfaces. 
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Replacing m by dm=2w dy,=--2$dy,=-2d$, and inte- 

grating from t&=0 to eo=y, the comilex potential is 

Integration by pa.rts yields 

where an imaginary constant has been omitted. Substitut- 
mg C= Reis into equation (24), and evaluating the real part. 
yields for the surface velocitp potential 

for all values of 0 (-r s @ST). Equation (25) gives the 
surface velocity potential for a cruciform wing-body combi- 
nation havin.g an.y specified antisymmetric distribution of the 
vertical velocity component on. the horizontal surfaces. The 
principal value of the integral must, of course, be taken if B 
is such that cos 2e=cos 2e,, in the interval of integration. 

For the presen.t problem 1c, is equal to w,yO on the real 
axis; substitution of this equation and equation (16) into 
equation (25) yields 

2w,R ~ sin 20 
J’ 

Y JCOS 2e,+c0s 2~ de 
R o cosze--c0s2e, o (26) 

for the surface velocity poten.tial for the cruciform wing- 
body configuration with differen,tial incidence of the hori- 
zontal surfaces. By rep1acin.g the upper limit in the integral 
of equation (26) by an appropriate value determined from 
cquatlon (8), the velocity poten.tial may be obtained for a 
cruciform wing-body combination having cliff erential in- 
ciclence of the outer portions of the horizontal fins. 

The first an.d second integrals occurring in equation (26) 
are complete ancl incomplete elliptic integrals of the third 
kind, respectively; these integrals may be reduced to Jacobi’s 
normal form by the respective elliptic substitutions 

sin &=sin y sn(u,lc,); k,=sin y 

sin e,=cos 7 sn(u,k,); k3=Cos 7 

The surface velocity potential may thtn be written in the 
form 

where 

2sz:‘zin2e; sn u -sn(u,kJ (27) 

k,’ 
s 

sn-‘km Y) 
12’3 D k 

3 
2s$‘:‘rin1e; snu=sn(u,kJ 

Equation (27) g&es the surface velocity potential for all 
values of e (-r*s e $ r) ; the explicit evaluation of the in- 
tegrals, of course, depends upon the range of values of the 
parameters occurring in the integrands (references 14 and 15). 

Evaluation of the integrals in equation (27) for z=O, 
a 5 y % s (horizontal fin, positive real axis) yields 

II=--& [K(k,)-Bk, @$) K(ks)Z(Aakz)] 

I 
2 
= JVLd3) ,h f l-2k3 (;l) [Z(A,,kJ-G]) 

where 

A2 = sin-l 

A, E sin-’ (tan 7) 

A, = sin-’ (’ > ‘g 

(28) 

and the modulus of His k,. 
Equations (27) and (28) define the surface velocity po- 

tential cpx on the deflected surfaces of the cruciform wing- 
body combination. 

For values of e corresponding to points on the vertical 
surfaces, integration of equation (27) yields 

11- 1 {k21K(ky) a&in2 e- sin2y 0 n n qo- [l--a,(A,,kdi’ 
\‘A( s 

where 

A 5 EE sin-’ e > 
and A, is Heuman’s form (reference 16) for the complete 
elliptic integral of the third kind. The second integral is 

I,= --$ [F(A,, k3)-2k;ir;eA6 NP, Ae, A,)] (30) 

where 

and A is Heuman’s form for the incomplete elliptic integral 
of the third kind. 

Equations (27), (29), and (30) define the surface velocity 
potential ‘P” on the vertical surfaces of the cruciform wing- 
body combination with differential incidence of the horizontal 
surfaces. 

The rolling moment due to differential incidence of one 
pair of fins may be found by substituting the preceding 
equations for (Pi and ‘Pi in equation (5) and integrating. 
The results, obtained by numerical integration, are presented 
in coefficient form in figures 9 and 10 as functions of A. The 
aspect ratio and coefficients are based on the area of the 
horizontal surfaces of the cruciform wing, including its 
hypothetical extension through the body. 
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FIGT~! I).-Coefficient of rolling-moment effectiveness for cruciform wing-body combinations 
with differential incidence of the horizontal surface% 

Figure 9 gives the cocfficicuts of rolling-moment effectivr- 
ness for both thr dcflccted and the undcflcctecl surfaces, as 
well as their algebraic slim, that is, the total rolling-moment 
rffcctiveness for the configuration. Figure 10 also gives thr 
coefficient of rolling-moment cffcctivcucss for a slcutlcr 
planar wing-body combination with tliffcrcntinl incitlcncc of 
the wing surfaces; the velocity potential for this cast was 
derived by mapping the configuration cross section on a 
circle by means of two succcssivc applications of the Jou- 
Bowsky transformation, that is, 

where the X plane is the physical plane and the wing-body 
cross section is transformed into a circle of radius s1 in the 
n plane. The velocity potential on the wing surface is 
given by 

+ 

K(k) ~ sin 28-m Z(A, k) cos A 
n- 7r (31) 

where in this case 

k=sin y, Assin-’ 

The angle e is defined by u=sleie where u is a point on the 
circle in the (T plane corresponding to a point on the wing- 

.I6 

Planar wing-body 

.08 

A ‘( Body diameter/span) 

FI~:I‘RE IO.-Coefficient of rolling-moment effectiveness for cruciform and planar wing-body 
combinations with differential incidence of the horizontal surfaCl?S. 

body surface in the X plane; the angle y is the value of 0 
corresponding to the wing and body juncture. It will be 
noted that equation (31) is identical in form to equation 
(IS), the potential for the rolling cruciform wing-body 
combination. 

It. is seen from figures 9 and 10 that, although the rolling 
moment supplied by the loading of the deflected surfaces of 
the cruciform wing-body combination is larger than for the 
planar wing-body combination, the counter rolling moment 
induced on the undeflected surfaces reduces the total rolling 
moment of the former t.o approximately 75 percent of that 
for the planar wing-body combination. If both pairs of 
opposite surfaces of the cruciform wing-body combination 
are deflected, the rolling moment can be found by the method 
of superposition to be twice that for one pair, in which case 
the rolling moment of the cruciform wing-body combination 
is approximately 1.5 times that of the planar wing-body 
combination. It can also be seen from these figures that the 
body has little effect on rolling moment up to a value of 
x=0.3 for the cruciform wing-body combination. 

Equal-span cruciform wings--If the body radius is set 
equal to zero (cruciform wing) in equations (27) to (30), the 
given velocity potentials reduce to 

WJl -(Y/s)~-~/~(YI~K-C%, &‘%I (32) 

and 

‘PVC *WT5+ 

{ K-J1 -(z/s)~--JZ(ZI~)[(E--K)F(A~,~/JZ)+KE(A~,~/JZ)I 1 
(33) 

where 
A,=cos-l (y/s) 

AB=cos-l (z/s) 
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and the modulus of the elliptic integrals and functions is in 
all cases k= l/a. 

These equations agree with those given in reference 2 for 
the velocity potentials for a cruciform wing with differential 
‘incidence of the horizontal surfaces. 

If equations (32) and (33) are substkuted in equation (3), it 
is found that the loading on a spanwise strip of the hori- 
zontal surface is 

p,+= *48v5 ds K+(2E--K)(Y/s)* __- 
‘IT dx 1T Jiqijji~ 1 

ancl t,hat the loading on a spanwise strip of the vertical surface 
is 

p K-(2E--K)(z/s)’ __ --- 
‘+ 

= *467/2 ds 
II 

__~- 
irdx ~ -\‘i -(z/s)4 1 

where k=l/$ in both equations. 
Likewise, if the velocity potential ’ for a planar wing with 

differential incidence of t,hc wing surfaces is substituted into 
equation (3), the loading over a, spanwise strip obtained is 

Figure 11 shows the loading over the horizontal and vertical 
surfaces of the cruciform wing in comparison to that over a 
planar wing when the horizontal wing panels are differentially 
deflected. 

Horizontal surfoc\e 

(a) Plmm wing. (b) Cruciform wing. 
FIGVRE Il.-Load distributions on a spanwisc strip for wings with differenti:& incidence 

of the horizontal surfaces. 

If the velocity potential for the horizont,al surface is sub- 
stitut,ecl into equation (5) and integrated, the rolling moment 
clue to the horizontal surfaces is seen to be 

=-1.128 pv%s, J 

Similarly, the rolling moment due to the vertical surface is 

The total rolling moment is therefore 

(L’,+=-g (2E-KJpV26s,3; k=l/& 

= -0.508 p v28s2 

and the coefficient of rolling-moment effectiveness is 

(Cd+= -+f(2E-K); k=l/& 

=-0.127A 

based on the horizontal wing area. 
From reference 17, the rolling moment for a slender planal 

wing having the panels differentially deflected is 

L’= -0.667 pV26s, 

and tlic coefficient of rolling-moment efl’cctivencss is 

(C&=-0.167A 

The ratio of the rolling moments producecl by the horizontal 
panels of t,he slender cruciform wing aod slender planar wing 
is 

CL’) +-z (2E--K)=0.762 -T-- CL >- 

so that the total rolling moment of the cruciform wing with 
one pair of opposite panels deflected is 24 percent less than 
for the planar wing. 

If both pairs of surfaces of the cruciform wing were de- 
flected through a small angle 6, the coefficient of rolling- 
moment effectiveness (based on the horizontal wing area) 
would be doubled, or 

* (Cl,)+=-0.254~4 

and the tots1 rolling moment would bc only 52 percent 
greater than t1la.t of the planar wing. 

ROLLING EFFECTIVENESS 

A parameter often used in evaluating the rolling eflcctivc- 
ness of a lateral-control system is the rate of change of the 
wing-tip helix angle pb,/2T,’ with differential control-surface 
deflection. This parameter is obtained from the relationship 

From the previous results, the helix angle gcneratccl by 
unit incidence of a cruciform wing having four panels 
equally cleflectecl is 

=T @E-K); k= l/*/z 

=1.594 
For a planar wing 

=0.620 pV26s03 ( ) c1, % -= 1-6g6 
2 The v&city potential for this cast may bc easily dcrivod hy applying tho Joulioasky trnnsformation and tho method of this report. 
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The ratio of the helix angle per unit wing deflection for a 
cruciform wing to that for a planar wing is therefore 

It is seen that the rolling effectiveness of a planar wing is 
reduced 6 percent by the introduction of a wing with identical 
plan form, and surface incidence in the vertical plane of 
symmetry. 

CONCLUSIONS 

The application of slender-wing theory to the estimation 
of the characteristics in roll of slender cruciform wings and 
wing-body combinations has shown the following: 

1. That the damping in roll and the rolling moment clue 
to differential incidence of both pairs of opposite surfaces of 
the cruciform wing-body combinations are practically inde- 
pendent of the body-diameter-maximum-span ratio up to a 
value of this ratio of 0.3. 

2. That the damping in roll of the cruciform wing-body 
arrangement is only 62 percent greater than that for a corrc- 
sponding planar wing-body combinaGon. 

3. That the rolling moment, resulting from differential 
incidence of both pairs of the opposing sulfates of the cluri- 
form wing-body arrangement, is only 52 percent greatcl 
t,han that for a corresponding planar wing-body combination. 

4. That the rolling cffect.ivcncss (wing-tip helix angle per 
unit surface deflection) of the cruciform wing-body arrange- 
ment having four equally deflected panels is therefore 94 
percent of the corresponding planar wing-bocly combination. 

It is of intm.estS to point out that the mcthocl of analysis 
may be applied to t,hc investigation of the characteristics of 
slender cruciform wing-body combinat,ions which have any 
spccifiecl distribution of normal velocity on the surfaces of 
the wings and body. 
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